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Positivity bounds provide conditions that a consistent UV-completion exists for a quantum field
theory. We examine their application to Horndeski gravity models reconstructed from the effective
field theory (EFT) of dark energy. This enables us to assess whether particular phenomenological
parameterizations of the EFT functions reconstruct theories that respect or violate the positivity
bounds. We find that commonly adopted EFT parametrizations, cast in terms of the dark energy
density or power laws of the scale factor, only satisfy the positivity bounds in non-trivial regions
of the parameter space. We then examine parameterizations of the inherently stable EFT basis,
constructed to avoid gradient and ghost instabilities by default. In stark contrast, in this basis the
positivity bounds either only provide constraints in a-priori unrealistic regions of the parameter
space or do not provide any constraints on parameter values at all. The application of positivity
bounds to common parametrizations of the standard EFT functions can therefore lead to artificial
conclusions that the region of viable Horndeski modifications of gravity is highly constrained. Our
results provide a strong motivation, in addition to the default avoidance of theoretical instabilities,
for instead adopting parametrizations of the inherently stable EFT basis when testing dark energy
and modified gravity models with forthcoming cosmological survey data.
I. INTRODUCTION
Understanding the physical nature of the late-time ac-
celerated expansion of the Universe [1, 2] is a central en-
deavour of cosmological research, which has the potential
to make a significant impact on both our understanding
of cosmology and fundamental physics. It is therefore an
ongoing effort to develop theoretical models which can
drive accelerated expansion as well as leave traces in the
large-scale structure. Even disregarding cosmic acceler-
ation, these models provide a playground with which to
test extensions to General Relativity (GR) in the cosmo-
logical regime. Adding a classical cosmological constant
to GR provides the most straightforward explanation of
cosmic acceleration, but a number of theoretical difficul-
ties arising from quantum corrections, well known even
prior to the discovery of the accelerated expansion [3],
led theorists to consider alternatives [4–6]. Perhaps the
simplest extension beyond a cosmological constant is to
incorporate an additional scalar field into the Einstein-
Hilbert action which acts as the driver of accelerated
expansion. It can enter as an additional component in
the stress-energy content of the Universe, as a modifica-
tion of GR through a non-minimal coupling function or
a combination of the two [7, 8]. This scalar field may
be considered to be a new fundamental field or arising
as a low energy effective remnant of an as yet unknown
UV-complete theory [9].
Requiring that the theory results in at most second-
order equations of motion ensures that the resulting
Hamiltonian is bounded from below in accordance with
Ostrogradsky’s theorem [10]. Ensuring second-order
equations of motion restricts the resulting scalar-tensor
theory to be the Horndeski action [11–13]. It is also pos-
sible to construct stable theories that have higher-order
equations of motion and avoid the non-degeneracy con-
dition of Ostrogradsky’s theorem [14, 15]. We restrict
solely to Horndeski theories in this work.
The simultaneous detection of gravitational waves with
an electromagnetic counterpart constrained the deviation
of the speed of gravitational waves from the speed of light
to O(10−15) [16]. Tight constraints could then be placed
on the remaining freedom in Horndeski theory [17–23],
modulo some caveats [24–26]. Even in light of this tight
constraint, significant freedom remains in Horndeski the-
ory. A powerful tool that is commonly employed to study
the effects Horndeski theory has on cosmological pertur-
bations is the Effective Field Theory (EFT) of dark en-
ergy [27–37]. This enables one to encapsulate the effects
of Horndeski theory on the background expansion and
the cosmological perturbations in terms of a set of free
functions of time, commonly called the EFT parameters.
Different basis descriptions for the EFT parameters each
have their own useful properties [30, 35]. A particularly
useful basis which naturally avoids ghost and gradient in-
stabilities, associated with kinetic terms with the wrong
sign and divergent scalar field clustering, was developed
in Refs. [38, 39]. By restricting to this basis of EFT func-
tions, it is guaranteed that any sampling of the parameter
space automatically satisfies these stability conditions.
With the aim of testing Horndeski theory with cosmo-
logical data-sets, there are two possible approaches. One
can pick a favored Horndeski theory and compute the
resulting EFT parameters. However, this can be con-
sidered ad-hoc as one is biased towards the particular
chosen theory. By contrast, starting with EFT allows for
a generic description of the imprints of Horndeski the-
ory on the cosmological background and perturbations
without the need to restrict to a fixed model. Study-
ing the effects on cosmological observables, such as the
linear matter power spectrum, for a given set of EFT
parameters is made possible with modern codes which
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2compute cosmological anisotropies in dark energy and
modified gravity models such as hi class [40]. The draw-
back with this generic approach is that it is not obvious
which underlying Horndeski theory is being tested with
a particular choice of EFT parameters. Motivated by
this issue Refs. [38, 41] developed a reconstruction which
maps a given set of EFT parameters to the class of un-
derlying Horndeski models they correspond to. With this
mapping it is possible to connect results that apply at
the level of the Horndeski action with results on EFT
parameters and vice-versa. For example, using this ap-
proach Ref. [42] demonstrated how to implement screen-
ing mechanisms in theories that are only constrained at
the level of the linear perturbations.
Connecting theoretical methods that apply at the level
of the covariant action to those at the level of EFT
proves particularly useful when studying how to place
priors arising from theoretical arguments on the param-
eter space. By restricting the parameter space to regions
that satisfy desired theoretical priors it is not necessary to
verify each sampled point satisfies the theoretical condi-
tion, increasing the computational efficiency of maximum
likelihood analyses. There has already been much work
in exploring the utility novel theoretical arguments pro-
vide in constraining the viable dark energy and modified
gravity model space, such as Refs. [43, 44], which study
the impact of instabilities induced by scalar-graviton in-
teractions. A further advantage of studying theoretical
priors is that they provide a way to use observational
constraints to directly test the underlying assumptions
on which they based.
A particularly interesting prior that one could place on
the EFT parameter space comes from the study of pos-
itivity bounds in quantum field theory. These are con-
ditions that can be placed on the signs of certain pa-
rameters in the low-energy effective theory in order for
the high-energy theory to respect standard properties
of quantum field theory such as locality, causality and
crossing symmetry. Their power lies in the fact that one
can remain ignorant about the precise form of the high-
energy theory, while still placing bounds on the coeffi-
cients of operators in the effective theory. With regards
to cosmology, Ref. [45] demonstrated how it is possible, if
Horndeski theory is to be regarded as a low-energy rem-
nant from some unknown UV-complete theory, to utilise
positivity bounds to place constraints on the free func-
tions in the theory.
In this paper we tackle the problem from an alterna-
tive perspective by combining the reconstruction method
of Refs. [38, 41] with the positivity bounds derived for
Horndeski theory in Ref. [45]. We study popular param-
eterizations of the EFT functions and determine whether
the resulting reconstructed theory satisfies the positivity
bounds across the parameter space. Put another way, we
determine whether the underlying Horndeski theory of a
given set of EFT functions parameterised in a particular
basis satisfies the positivity bounds. We then also study
the region in the parameter space that satisfies the posi-
tivity bounds when the model is parameterised in terms
of the inherently stable basis of Refs. [38, 39].
The paper is organised as follows. In Sec. II we discuss
the necessary background of the reconstruction method
and the concept of positivity bounds. In Sec. III we com-
bine the reconstructed action with the positivity bounds
placed on Horndeski theory in order to impose positivity
priors on the EFT parameter space. In Sec. IV we then
employ popular parameterizations of the EFT functions
and examine how imposing the requirement of positivity
impacts the viable parameter space. We then examine in
Sec. V the impact on a theory parameterized in terms of
the inherently stable basis from applying the positivity
bounds. Our conclusions are presented in Sec. VI.
II. RECONSTRUCTED HORNDESKI MODELS
AND POSITIVITY BOUNDS
The most general scalar-tensor theory with at most
second-order equations of motion and speed of gravita-
tional waves equal to the speed of light is given by the
following Horndeski model [19],
4∑
i=2
∫
d4x
√−gLi , (1)
where
L2 ≡ G2(φ,X) , (2)
L3 ≡ G3(φ,X)φ , (3)
L4 ≡ G4(φ)R . (4)
Each Gi(φ,X) with i = 2, 3 are free functions of the
scalar field and its kinetic term X ≡ ∂µφ∂µφ whereas
G4(φ) is restricted to solely a function of φ and describes
a non-minimal coupling to GR by multiplying the Ricci
scalar. The dynamics of the cosmological perturbations
of this theory can be obtained by utilising the framework
of the EFT of dark energy [34, 35, 46]. This is formu-
lated in the unitary gauge, where the spacetime is foliated
with uniform time hypersurfaces as in the ADM formula-
tion of GR [47] with the scalar field perturbations being
absorbed into the metric. Having broken time diffeomor-
phism invariance but retained spatial diffeomorphism in-
variance, the EFT is constructed with the cosmological
perturbations acting as the operators, and every combi-
nation of operators consistent with broken time diffeo-
morphisms appears in the action.
More precisely, the EFT is constructed using the time-
time component of the metric δg00 and the extrinsic cur-
vature tensor Kµν of the constant time hypersurfaces,
and traces thereof, as the operators with additional free
functions of time which couple to them. Note there are
further operators one could include, but we neglect these
as they are only relevant for describing theories beyond
those in the class of Eqs. (2)–(4). The EFT action that
3describes their background and linear dynamics takes the
following form
S = S(0,1) + S(2) + SM [gµν ,Ψm] , (5)
S(0,1) =
M2∗
2
∫
d4x
√−g [Ω(t)R− 2Λ(t)− Γ(t)δg00] ,
(6)
S(2) =
1
2
∫
d4x
√−g [M42 (t)(δg00)2 − M¯31 (t)δKδg00] .
(7)
Note that the perturbation of the extrinsic curvature ten-
sor does not appear in S(0,1) as it is equivalent to what
already appears up to a total derivative. The coefficients{
Ω(t),Γ(t),Λ(t),M42 (t), M¯
3
1 (t)
}
[41, 48] are dimensionful
parameters, whose precise functional form depends upon
the choice of the Gi functions from which they are de-
rived.
If the background expansion is assumed to be ΛCDM
the two Friedmann equations reduce the freedom to three
free functions that can affect the linear perturbations. It
is possible to translate between this EFT basis and oth-
ers which provide some physical intuition between the
properties of each of the three functions. For example,
Ref. [35] demonstrated that it was possible to express
the three free functions which modify the linear pertur-
bations as {αM , αB , αK} describing a possible evolution
of the squared Planck Mass M2, braiding, and kinetic-
ity respectively. This basis has been employed in con-
straining EFT with data [49, 50] and we shall make use
of it in Sec. IV. Alternatively, Refs. [38, 39] proposed a
different basis parameterised by
{
M2, c2s, α
}
, the Planck
Mass, the soundspeed of the scalar field perturbations
and the kinetic energy of the scalar field perturbations.
This basis has the advantages that there are definite pri-
ors which can be placed on these parameters, namely
M2 > 0, 0 < c2s < 1 and α > 0, which arise from the
requirement that, along with the obvious fact the Planck
Mass squared be positive, the theory is also free of gradi-
ent and ghost instabilities. By working in this basis, one
is only encompassing models that are free from these in-
stabilities, removing the need to perform stability checks
on each point in the parameter space, albeit at the ex-
pense of solving a differential equation arising from the
mapping between c2s and αB (see Sec. V). Furthermore,
this basis avoids inefficient sampling due to ΛCDM be-
ing confined to a narrow corner of the parameter space,
which occurs when using alternate bases.
Testing a specific Horndeski model against observa-
tions is a highly inefficient approach considering the es-
sentially infinite amount of freedom in the theory. There-
fore an alternative method is commonly employed in or-
der to constrain Horndeski theory with data, which as-
signs the EFT functions a general but phenomenologi-
cally motivated parameterization such that their effects
only become relevant at late times. The gains in general-
ity unfortunately sacrifice information on the underlying
theory. Motivated by this issue Refs. [38, 41] developed
a reconstruction which maps from a given set of EFT pa-
rameters back to the set of Horndeski theories that gives
rise to the original generic parameterization. Concretely,
given a set of background and linear EFT parameters the
reconstructed Horndeski theory is given by
G2(φ,X) =−M2∗U(φ)−
1
2
M2∗Z(φ)X + a2(φ)X
2
+ ∆G2 , (8)
G3(φ,X) = b0(φ) + b1(φ)X + ∆G3 , (9)
G4(φ,X) =
1
2
M2∗F (φ) , (10)
where U(φ), Z(φ), a2(φ), b1(φ) and F (φ) are smooth
functions of the EFT parameters, whose explicit expres-
sion depends on the order to which one has performed
the reconstruction. At the background and linear level
they are given by [41]
U(φ) = Λ +
Γ
2
− M
4
2
2M2∗
− 9HM¯
3
1
8M2∗
− (M¯
3
1 )
′
8
, (11)
Z(φ) =
Γ
M4∗
− 2M
4
2
M6∗
− 3HM¯
3
1
2M6∗
+
(M¯31 )
′
2M4∗
, (12)
a2(φ) =
M42
2M8∗
+
(M¯31 )
′
8M6∗
− 3HM¯
3
1
8M8∗
, (13)
b1(φ) =
M¯31
2M6∗
, (14)
F (φ) = Ω , (15)
where the primes in this case denote derivatives with re-
spect to φ. Note that, as we restrict to models with
luminal speed of gravitational waves, the only difference
between the reconstructed theory in this paper and that
of Ref. [41] is that here we set M¯22 = 0. The ∆Gi terms
are corrections that one can add to G2 and G3 in order
to move to another set of Gi functions whose linear and
background dynamics are equivalent. Their precise form
is given by
∆G2,3 =
∑
n>2
ξ(2,3)n (φ)
(
1 +
X
M4∗
)n
, (16)
where the set of functions {ξ(2,3)n (φ)} are completely free
in the absence of nonlinear information. They can be
used to, for example, implement screening mechanisms
in the reconstructed theory [42]. The key property they
possess in the context of this paper is that they vanish
on the background solution for the scalar field φ = tM2∗
as here X = X0 = −M4∗ .
A further theoretical prior that one might wish to
implement is that arising from the study of positivity
bounds in quantum field theory, a subject which has
been the focus of much research [51–57]. These bounds
fix the sign of coefficients in certain scattering ampli-
tudes in the IR limit of a theory with a, possibly un-
known, UV-completion. Importantly, it is not necessary
to know the precise form of the UV-complete theory in
4order to utilise these positivity bounds in constraining
the IR theory. The application of positivity bounds to
the full Horndeski theory was done in Ref. [45], which
obtained bounds on the Gi(φ,X) functions, albeit in the
class of theories whose tensor modes may not be luminal,
as well applying them to existing cosmological data-sets.
In Sec. III we introduce the complementary approach of
this work. Combining the reconstruction method with
the positivity bounds derived for Horndeski theory we
derive a new bound on the EFT parameters, before ex-
amining in Sec. IV and Sec. V the impact imposing this
bound has on the available EFT parameter space.
III. POSITIVITY BOUND ON EFT
PARAMETERS FROM A RECONTRUCTED
HORNDESKI MODEL
We shall now discuss in detail the approach of this pa-
per. The positivity bounds derived for Horndeski theory
in Ref. [45] are applicable for a given set of the Horn-
deski Gi functions. With a preferred model one can check
whether there is a consistent UV-completion that satis-
fies what we expect of a healthy quantum field theory.
Constraints from cosmological surveys will take a differ-
ent approach by utilising a generic set of parameters that
make minimal assumptions about the underlying theory
which lead to deviations from GR. It is therefore of in-
terest to examine whether the positivity bounds from
Ref. [45] can be translated into bounds on more generic
parameterizations.
Ref. [45] derived a set of positivity bounds on the Horn-
deski functions that also encompass models with non-
luminal speed of gravitational waves. If we consider the
φφ→ φφ scattering process the amplitude is given by
A(s, t) = css s
2
Λ42
+ csst
s2t
Λ63
, (17)
where s and t are Mandelstam variables describing the
centre of mass energy of the scattering process and the
momentum transfer between the particles. The quan-
tities Λ2 and Λ3 are two energy scales characterising
where the theory becomes strongly coupled, occurring
at whichever scale is lower. Under the assumption that
Λ2 > Λ3 the positivity bounds require that css > 0 and
csst > 0. Restricted to the subclass of models with lumi-
nal speed of gravity, csst reduces to the trivial inequality
that G23 > 0 and so for our purposes we shall only make
use of the condition on css. Noting the different conven-
tion in the definition of X, this can be expressed as
cφφss = G2XX −G2φφG23X − 2G3X(G3φφ −G2φX) > 0 .
(18)
It is expected that this result should hold for any smooth
background evolution of φ, in particular on a cosmologi-
cal background. One perspective to see this is to assert
that Eq. (18) is a bound on an effective theory in a given
background. Its structure is determined by the require-
ment that there exists a healthy UV-completion for the
EFT, a condition which should not be background de-
pendent at the level of the EFT. Therefore in this paper
we set the scalar field evolution to be equal to that of
the cosmological time φ = tM2∗ , as in the ADM-foliation
of spacetime. Given this choice, the background evolu-
tion for the kinetic term of the scalar field is given by
X0 = −φ˙2 = −M4∗ . The functional form of the recon-
struction is derived such that, once this identification is
made and it is expanded in the perturbations, the ac-
tion in Eqs. (6) and (7) is recovered. Therefore setting
X0 = −φ˙2 = −M4∗ is a solution to the background equa-
tions of motion of the reconstructed theory. Furthermore,
this background evolution of φ ensures the nonlinear cor-
rection terms in Eq. (16) vanish.
We are now able to plug the reconstructed Horndeski
functions in Eqns. (8) to (10) into Eq. (18) in order to
obtain the positivity bound expressed in terms of the
EFT parameters. The positivity bound becomes
H
8M16∗
[
2M8∗
(
M¯31
)′ − 3 (M¯31 )3 ((H ′)2 +HH ′′)+ 2M4∗ M¯31 (2H ′(M¯31 )′ − 3M4∗ − 8(M42 )′ + 2M2∗Γ′ + 2H(M¯31 )′′)]
+
H(M¯31 )
2
8M16∗
[
H
(
2M2∗Γ
′ + 2M2∗Λ
′ − 4(M42 )′ − 9H(M¯31 )′
)]′
+
M42
M8∗
> 0 , (19)
where a prime denotes a derivative with respect to
ln a. It is possible to express Eq. (19) in terms of the
{αM , αB , αK} basis using Table II in Ref. [41]. We shall
now examine the implications of imposing Eq. (19) on the
viable parameter space for different parameterizations of
Horndeski gravity models.
IV. CONSTRAINING GENERIC EFT
PARAMETERIZATIONS USING POSITIVITY
BOUNDS
Having reviewed the physical arguments behind the
positivity bound in Eq. (18), we shall now study the
viable regions it implies for two commonly used phe-
nomenological EFT parameterizations. In particular,
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FIG. 1. Time dependence of the left-hand side of the positivity bound in Eq. (19) for reconstructed Horndeski models with
an underlying EFT parameterization of the form αi = αi0ΩΛ(a) for sub-classes of models with only a non-zero αM (left-hand
panel), a non-zero αB (middle panel) and a non-zero αK (right-hand panel). For a theory to be viable the curve must remain
positive for the entire evolution in lna. One can see that for these particular sub-classes of models, the positivity bound is
respected for αM < 0, αB > 0 and αK > 0, with virtually no time dependence for models with only a non-zero αK . These
plots are displayed in units with M∗ = H0 = 1.
we study theories reconstructed from parameterizations
written in terms of the evolving fractional background
dark energy density ΩΛ(a) = H
2
0 ΩΛ0/H
2 as
αi(a) = αi0ΩΛ(a) , (20)
or proportional to the scale factor a(t) raised to some
power q,
αi(a) = αi0a
q , (21)
with i ∈ {M,B,K}. Different choices are of course pos-
sible, one example being the inherently stable parame-
terization discussed in Sec. V. The motivation for these
particular forms stem from the sole requirement that the
effects of any particular dark energy and modified gravity
model giving rise to these EFT functions should become
relevant during late-times to connect their evolution with
late-time acceleration. By restricting to parameteriza-
tions of the form in Eqs. (20) and (21) one is restricting
to a subclass of underlying Horndeski theories. However,
as these parameterizations are typically used in MCMC
analyses constraining deviations from GR [50] it is of in-
terest to determine what additional information can be
provided by positivity bounds for this particular choice.
Another important question we can address is how sen-
sitive the positivity bound is to the choice of parameteri-
zation and how it varies with the amplitudes of the EFT
parameters αi0.
A. Evolution proportional to dark energy density
In Fig. 1 we present the evolution of the positivity
bound for theories reconstructed from models with only
a non-zero αM (left-hand panel), a non-zero αB (middle
panel) and a non-zero αK (right-hand panel) when pa-
rameterised in terms of the dark energy density, Eq. (20).
One can see from the left-hand panel with a varying
αM that the positivity bound favours models that have
αM < 0, as the chosen models with αM > 0 eventu-
ally evolve to negative values at the present day. This
also demonstrates a subtle point arising from the time
dependence of the positivity bound when applying pos-
itivity priors in statistical sampling. When constraining
the EFT parameters with data-sets taken from a given
redshift bin, it is important to check that every region of
the parameter space within the bound allowed by posi-
tivity satisfies the positivity bound at all times until the
present. Checking it at a single redshift is not enough.
By using the reconstructed theory one can check that this
holds for every point in the parameter space. Similarly,
the middle panel indicates that for the subset of models
for which αM = αK = 0 and with a non-zero αB the pos-
itivity bound seems to favor those models with αB > 0.
In addition, the right-hand panel displays the evolution
of the positivity bound for models that only have a non-
zero αK . The positivity bound seems to favor αK > 0
and has virtually no time dependence. Of course these
plots only give an indication of what we can learn by
combining the reconstruction and the positivity bound
in Eq. (18), being restricted to an arbitrarily chosen set
of models.
In order to give a more comprehensive overview of
the regions in the {αM0, αB0, αK0} parameter space that
satisfy the positivity bound we display in the top left-
hand panel of Fig. 3 the three-dimensional viable re-
gion. Each point in the parameter space spanned by
{αM0, αB0, αK0} is sampled between ln a = −1 and
ln a = 0 in intervals of ∆ ln a = 0.05 and the resulting
plot displays those regions for which the positivity bound
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FIG. 2. Evolution of the left-hand side of the positivity bound in Eq. (19), in this case for parameterizations of the EFT
functions in terms of the scale factor, Eq. (21). In this particular example we have chosen q = 1. One can see in the left-hand
panel that for the particular range of values chosen for αM0 there is no choice that will satisfy the positivity bound for all
times. Restricting to later times, we see again the preference for αM < 0 in order to satisfy the positivity bound. In the same
manner, the middle panel indicates the positivity bound is satisfied in models with only a non-zero αB as long as αB > 0.
The right-hand panel displays the evolution of the positivity bound for models reconstructed from a non-zero αK only, again
showing the preference for models with αK > 0. These plots are displayed in units with M∗ = H0 = 1.
is satisfied for every sampled time. One can see that the
most straightforward way to ensure the positivity bound
is satisfied is to have αM0 < 0 and αB0 > 0 which is in ac-
cordance with Fig. 1. The apparent independence of the
positivity bound on αK0 can also be seen, but this only
holds for models with αM0 . 0. It is furthermore pos-
sible to have models which satisfy the positivity bound
with αB0 ≈ 0, αM0 > 0 and αK0 > 0.
B. Power-law evolution
We shall now parameterize the EFT functions in terms
of the scale factor as in Eq. (21), where we choose the
power q = 1, and examine the time dependence of
the positivity bound for the corresponding reconstructed
models. The results are displayed in Fig. 2. As in the
previous case, for models with only a non-zero αM0, the
positivity bound favors models with αM0 < 0, but it
cannot be satisfied for all time for the range of chosen
αM0 values. As for theories with only a non-zero αB ,
the positivity bound prefers models with αB0 > 0, and
in models with only a non-zero αK , it prefers αK0 > 0,
again with only minor time dependence. Given this, one
might determine that the conclusions drawn about the
structure of the positivity priors are similar regardless
of whether Eq. (20) or Eq. (21) is chosen. However, if
we now examine the three-dimensional region plot of the
values that satisfy the positivity bound, again sampled
across times between ln a = −1 and ln a = 0 at intervals
of ∆ ln a = 0.05, we see in the top right-hand panel of
Fig. 3 that the viable regions look different. In contrast
to the top left-hand panel there is now a stronger prefer-
ence for models with αM0 > 0 and αB0 > 0. This shows
the priors placed on the EFT parameters from positiv-
ity bounds depend on the parameterization. Due to the
non-trivial structure of the viable regions it is indeed dif-
ficult to make many generic statements about the regions
where the bound is satisfied. This is perhaps surprising,
as although different underlying theories are being tested
with each parameterization, both have broadly the same
phenomenological behaviour. Fortunately, in the next
section we shall demonstrate how these problems can be
avoided if one uses the inherently stable parameterization
of the EFT parameters.
V. POSITIVITY BOUNDS ON THEORIES
RECONSTRUCTED FROM AN INHERENTLY
STABLE EFT PARAMETERIZATION
In the previous section we studied the regions of the
EFT parameter space that respect the positivity bound
for common phenomenological EFT parameterizations.
By choosing this set of parameters, even within the re-
gions where the positivity bound is satisfied there is
no guarantee that the theory does not possess gradi-
ent and ghost instabilities. To address this issue, we re-
peat here the same analysis as in Sec. IV using instead
the inherently stable parameterization of Refs. [38, 39],
which parameterizes the model space in terms of the
stability conditions themselves. Viable regions satisfy-
ing the positivity bounds automatically satisfy the gra-
dient and ghost stability conditions in this parameteriza-
tion. Priors inferred on these inherently stable parame-
ters therefore place a strong constraint by incorporating
two independent theoretical requirements. Concretely,
the inherently stable basis is specified by four parameters
7{
M2, c2s, α, αB0
}
, the Planck mass squared, the scalar
field soundspeed, the kinetic energy of the scalar field
defined by α = αK + 6α
2
B and an initial condition for
αB . As αB and c
2
s are related via a first-order differen-
tial equation
c2s =−
2
α
[
α′B + (1 + αT )(1 + αB)
2
−
(
1 + αM − H
′
H
)
(1 + αB) +
ρm
2H2M2
]
, (22)
in order to find αB given a choice of soundspeed, it is
necessary to solve the resulting inverted second-order dif-
ferential equation
B′′ −
(
1 + αM − H
′
H
)
B′ +
(
ρm
2H2M2
+
α c2s
2
)
B = 0 ,
(23)
with
1 + αB ≡ B
′
B
. (24)
In order to satisfy the no-ghost and no-gradient instabil-
ity conditions we require
M2 > 0 , 0 < c2s < 1 , α > 0 . (25)
If we then choose parameterizations that respect these
bounds the constraints arising from observational data
will automatically satisfy the stability conditions.
Let us start by again parameterising each of these EFT
parameters in terms of the dark energy density
M2 = 1 + (m0 − 1) ΩΛ(a)/ΩΛ0 , (26)
c2s = 1 + (c0 − 1) ΩΛ(a)/ΩΛ0 , (27)
α = 1 + (α0 − 1) ΩΛ(a)/ΩΛ0 , (28)
where m0, c0 and α0 are defined such that they are val-
ues of the Planck mass, soundspeed and kinetic energy
today. Using the reconstruction we can derive a set of
Gi(φ,X) functions that give rise to this set of EFT func-
tions, and subsequently then use these in the positivity
bound to examine the overlap between theories that sat-
isfy the stability conditions and those that satisfy the
positivity bound. Displayed in the lower left-hand panel
of Fig. 3 is the region in the {m0, c0, α0} parameter space
that satisfies the positivity bound. It is clear that the
positivity bound is only violated for rather drastic de-
viations in the squared Planck mass. It also shows no
dependence on the soundspeed and the kinetic energy.
Note this is in sharp contrast to the parameterizations
examined in the previous section, where small deviations
in the EFT parameters could easily move to a region that
violated the positivity bound.
It is again natural to address whether this result was
dependent on the particular parameterization that we
adopted for the inherently stable basis. This is perhaps
a greater issue with the inherently stable parameteriza-
tion as it is clear that, while the parameterizations in
Eqs. (26) to (28) respect the stability conditions at all
times up until the present day, one may worry that c2s
evolves to values greater than one in the future. We shall
therefore perform the same analysis but with the follow-
ing more physically realistic choice for the time evolution
of the EFT functions
M2 = 1 +
m˜0 − 1
1 + e−lna
, (29)
c2s = 1 +
c˜0 − 1
1 + e−lna
, (30)
α = 1 +
α˜0 − 1
1 + e−lna
, (31)
where we have kept the time dependence explicitly in
terms of ln a in order to keep the equivalence with the
Fermi distribution transparent. With this choice, the
inherently stable parameters are guaranteed to satisfy the
stability bounds for all time as long as m˜0 ≥ 0, α˜0 ≥ 0
and 0 ≤ c˜0 ≤ 1, smoothly transitioning from a constant
value set to one at early times to a constant value in the
future specified by m0, α0 and c0.
As we can see in the lower right-hand panel of Fig. 3
every sampled point satisfies the positivity bound, where
again the sampling has been performed between ln a =
−1 and ln a = 0 at intervals of ∆ ln a = 0.05. It is
perhaps not surprising that the likelihood of satisfying
the positivity bound increases even further when using a
physically more realistic parameter choice that satisfies
the no-ghost and no-gradient instability conditions for
all time. Compared with the results of Sec. IV one can
see that by using a parameterization that avoids ghost
and gradient instabilities, the positivity bound is more
likely to be satisfied. Intuitively this makes sense, as one
would expect a theory that is theoretically healthy with
respect to one condition to be more likely to be theoreti-
cally healthy with respect to another condition, although
this was by no means guaranteed.
We conclude that this provides extra motivation for
making use of the inherently stable parameterization for
the EFT functions in upcoming surveys, as they provide
the additional benefit of naturally satisfying positivity
bounds.
VI. CONCLUSIONS
We are about to enter an era in which an unprece-
dented amount of cosmological data will become available
from the next generation of surveys such as LSST [58]
and Euclid [59]. These data-sets will provide a testing
ground for GR in the cosmological regime, with the ad-
ditional prospect of shedding some light on the nature
of cosmic acceleration. To optimally exploit the data for
this purpose, it is important to study the potential im-
pact theoretical arguments can have in placing priors on
the parameter space that will be sampled.
In this work we have combined the reconstruction ap-
proach of Refs. [38, 41] and the positivity bound derived
8FIG. 3. The top row displays the three-dimensional regions in the {αM0, αB0, αK0} parameter space which satisfy the positivity
bound for models parameterized in terms of Eq. (20) (top left-hand panel) and Eq. (21) (top right-hand panel). By examining
cross sections of these surfaces a number of insights can be drawn. For example, inspecting the top left-hand panel one can
see that for αB = 0 the positivity bound is easier to satisfy for negative αM , unless αK is positive. One can also see a
general preference for a positive αB . The qualitative difference between the top left-hand and the top right-hand panels clearly
demonstrates the parameterization dependence of the positivity bound. Despite this there are a number of similarities. For
example, in the absence of large deviations in αM from zero the positivity bound prefers αB > 0 and is rather insensitive to the
value of αK in both parameterizations. By contrast, the bottom row displays the regions in the parameter space spanned by
the inherently stable EFT functions whose reconstructed theory satisfies the positivity bound in Eq. (18). The lower left-hand
panel illustrates the viable region when M2, c2s and α are parameterised in terms of the dark energy density. Only extremely
small values of the present squared Planck mass m0 < 0.2 are excluded, indicating it is difficult to violate the positivity bound
when using this EFT basis. The situation is amplified when adopting a parameterization that satisfies the stability conditions
for all time such as a Fermi distribution, where there is no region in the parameter space that violates the positivity bound, as
can be seen in the lower right-hand panel. Each plot is sampled at twenty points between ln a = −1 and ln a = 0 and adopts
units with H0 = M∗ = 1.
for Horndeski theory in Ref. [45] to study the impact
that respecting this bound has on the EFT parameter
space. If a theory fails to satisfy the positivity bound,
it indicates that the theory at higher energies fails to
adhere to important properties of quantum field theory
such as causality, locality and crossing symmetry, even
if the theory itself respects all of these conditions at low
energies. Their utility lies in the fact that knowing the
precise form of the UV-completion is irrelevant to apply
the arguments. Treating Horndeski theory itself as some
low-energy effective theory of an as yet unknown UV-
completion, Ref. [45] derived the conditions that the Gi
functions must satisfy in order to respect the positivity
bound. The reconstruction method enables the trans-
lation between bounds derived for the Gi functions to
bounds on the EFT parameters themselves for different
choices of phenomenological parameterizations.
In Sec. IV we studied the resulting constraints on the
9EFT parameters for two parameterizations commonly
adopted in the literature for testing dark energy and
modified gravity models. These parametrizations tie
their evolution to the dark energy density or the scale
factor raised to some power. We have found that the re-
sulting reconstructed theories only satisfy the positivity
bounds in non-trivial regions of the parameter space. Mi-
nor deviations in the amplitude of these EFT functions
from their GR value can reconstruct a theory which fails
to satisfy the positivity bound, and so one has to be care-
ful in placing positivity priors when adopting this choice
of parametrization. Applying positivity priors when us-
ing these parameterizations may lead to tight constraints
on the EFT functions. However, these constraints are
simply an artificial artefact of a poor choice of EFT ba-
sis. By contrast, in Sec. V we found that if the inher-
ently stable basis of dark energy and modified gravity
models is adopted instead, it is much more difficult for
the resulting reconstructed models to violate the positiv-
ity bound. With the parameterizations we adopted for
the inherently stable EFT basis, we found it was either
only possible to violate the positivity bounds in physi-
cally unrealistic regions of the parameter space, or not at
all. This gives extra motivation to make use of the inher-
ently stable basis for upcoming surveys as by doing so,
one is naturally avoiding gradient and ghost instabilities
as well as sampling theories that satisfy the positivity
bound.
A simple extension of this work would be to study even
more parameterizations of the EFT functions to sample
different regions of the theory space. A further extension
will be to analyse how these bounds differ when includ-
ing information from nonlinear scales, with a differing
evolution of the kinetic term of the scalar field X from
its background value. It may then be possible to start
constraining the nonlinear EFT functions from positiv-
ity bounds using the extended reconstruction method of
Ref. [42]
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